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Resumen
Parece que nuestro razonamiento cotidiano consiste en dos pasos. Uno
“adelante” extendiendo nuestras creencias, el segundo “atrás” reduciéndolas.
La lógica deductiva formaliza el primero, pero las lógicas que formalizan el
rechazo de sentencias no sirven aquí. Necesitamos dos lógicas: unatrabajan-
do con conjuntos de sentencias aceptadas y otra con sentencias rechazadas.
Dado que trabajamos con la misma clase de conjuntos, el segundo es un con-
junto de sentencias aceptadas que es reducido por el razonamiento.
Palabras clave: Lógica, razonamiento cotidiano, lógica deductiva, lógica
no-monótona, consecuencia lógica.
Abstract
Our everyday thinking consists of two steps: “forward” extending our
beliefs, “backward” reducing them. Tite “forward” step is formalized by
deductive logic, but existing logics formalising “rejected sentences” reaso-
ning are unvalid for tite “backward” reasoning. We need two logics: one for
tite set of accepted sentences, anotiter for tite set of rejected sentences. They
work on tite same class of sets, so tite second component of tite pair must be
a reasoning decreasing sets of accepted sets.
Keywords: Logic, everyday reasoning, deductive logic, nonmonotonic
logie, logical consequence.
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1. The reductíve classical elimination operation
Tite logic inferring trae sentences ftom the set of true sentences will be
itere called tite ¡ogic of trutit. Analogously, tite logic inferring false sentences
ftom tite set of false sentences will be called tite logic of falseitood. It seems
titat ftom tite syntactical point of view it is impossible to talk on tite logic of
trutit as well as on tite logic of falsehood. However, even syntactical appro-
acit enables tite relative distinction between botit logics. Ifa given logie will
be understood as a logic of trutit, titen tite logic dual to it sitould be interpre-
ted as tite logic of falsehood and vice versa.
Let tite language for tite classical logie is an algebra
L =
Let assume that X is a set of accepted sentences. Titen L-X is a set of
rejected sentences. IfC’ isa ftrnction dual to the classical consequence ope-
ration C, then C’(L-X) isa set of al! these sentences whicit sitould be unders-
tood as false because of falseitood of tite sentences ftom L-X. Although L-X
a C’(L-X), L-C’(L-X) a L-(L-X) = X. It means titat using a logic of falseito-
od it is possible to reduce tite set of accepted sentences. Indeed, our given at
tite beginning set X sitould be decreased by alí sentences ftom C’(L-X).
Titus, our first problem it to reconstruct tite function dual to the classical con-
sequence operation.
In [7] Wójcicki defined Cd an operation dual to tite given consequence
operation as follows:
a E Cd(X) ¿/Jn{C(~): ½Xf}a C(ct),for sornefiniteXfc X
for any Xci. Of course, Cd is a finitary and structural consequence opera-
tion. Moreover, Cd can be semantically defined by tite matrix (((0,1 },—
,n,u,~j,{0}), witit tite well known classical conditions interpreting nega-
tion, conjunetion, disjunction and implication. Let H be a class of classical
valuations it: L —+ {0,l }. Titen,
a e C(X) ~tfV~eH (it(X) ~{l} implies it(a) = 1)
a e Cd(X) &VneH (it(X) c{O} implies it(a) = 0)
Operations C and Cd itave axiomatizations expressing one and tite same
thinking. For tite better comparison let us recaí! tite we!l known axiom set for
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1+0 Oea—*(¡3—*a)
2+D Oe(a—*Q3—*y»--*«a—fl3)--*(a—*y»
3+0 0e(ctAI3)—*a
4+D 0e(aAf3)—*f3
5+D Oe(a—*43)—-*«a—*y)—*(a—-*Q3Ay)»
6+0 0ea—*(avf3)
7+D 0e13—>(av13)
g+D Oe(a—*y)—+((13-->y)—+((av13)—*y))
9+0 0e(a—*—43)—*q3—*—~a)
10+00 e —<a —* a) —*13
11+0 Oeav—,a
MP+D {a, a —* 13) e [3
Tite syntax of Cd is tite following:
1-0 Oe-1(--.(a—>13)-*a)
20 OCm(—,(n(y—*a)—>m(13--*a))--*m(-i(y+13)4a))
3-0 0e—<(aAI3)—*a)
4-D 0e—,((aÁj3)—*j3)
6D 0Cm(a—*(av13))
7-0 0e—,«3-—>(av13))
8-0 0C—,(m(m((av[3)—*y)—*-(j3-+y))-4m(a--*y))
9-0 0 e -<-,(a —* -‘13) —* —<13 —* -~a»
IO-D 0 e —<13 —* (a —* a))
11-D OeaA—,a
MT~D{fr~<a~~*I3)1Ca
At first let us notice that axioms for Cd are written in tite “opposite” diree-
tion in comparison with axioms for C. Titanks to titis difference both opera-
tions can work on tite same sets of sentences. Tite form oftite mies MP+D and
MT-o enables to use them for tite same implication a—*13. Indeed, if—,(a--->13)
is false, titen a—*13 is true, and so tite trutit of a means tite tmtit of 13 as welI
as tite falseitood of 13 means tite falseitood of a. Remembering on tite fact of
tite mutualíy opposite transcript of formulas from axioms for C and for Cd let
us successively compare al! of titem.
1+0 and í-
0on tite base of two-valued logie state an obvious fact, titat if
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a itas a given logie value, true in tite case of C and false for Cd, witatever
otiter circunistances (expressed itere by [3),a always itas tite sanie value.
2±0can be understood as foílows: if tite trutit of a implies titat tite trutit
of [3implies tite trutit of y, titen if tite trutit of a implies tite truth of a, titen
the trutit of a implies tite trutit of y. However, it is sufflcient to replace tite
word “truth” by “falseitood” and sucit obtained sentence will interpret 2-a.
It is easy to see titat next botit six axionis define tite sanie connectives of
conjunction and disjunction. Obviously, in comparison witit 3±D~8+0, tite
conjunetion is replaced by tite disjunction and tite disjunction by tite con-
junction in 3-D~g-0, witicit results from tite duality of botit connectives.
In tite case of 9+D and 9-D tite situation is especially clear. Hotit axioms
express tite same thought: if tite truth of tite first sentence implies titat tite
second sentence is false, titen tite truth of tite second sentence implies tite fal-
seitood oftite first sentence.
10+0 and I0-D are obviously dual. Tite first one says titat if we accept
sorne absurd sentence, ten we itave to accept every sentence. According to
tite second axiom: if we rejeel some obvious sentence, we have to reject
every sentence. Titus both axioms taken togetiter order us to esteem logie
expressed by its set of tautologies and tite set of counter-tautologies.
Similarly, 1 I~D and 11.0 itave a dual citaracter. On tite ground oftite two-
valued logie botit axionis togetiter say that ifone sentence isa negation oftite
otiter one, ten exactíy one of titem is true (¡5 false).
Titus, it seems that both axiomatizations express tite same logic: tite first
syntax from tite point of view of tite trutit, while te second syntax from tite
point of view of tite falseitood.
After tite reconstruction of tite classical logic of falsehood we can define
tite operation of tite classical elimination E.
For any X~L:
E(X) = L~Cd(L~X)
Let us notice titat sucit defined elimination operation E is unique for C.
Indeed, using a dual to tite Wójcicki’s definition one can define Ed:
a e Ed(X) ~ftE(L-a) a U{E(L-[3): [3eX~f},for sorne co-finite Xc Xcf
for any aeL and XcL. Titen, tite next definition
C(X) = L- Ed(L~X)
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closes te cirele.
Bot elimination operations E and Ed satisf~ conditions dual to tite well
known Tarski’s conditions for tite consequence operation ([6]):
E(X)~X
X c Y implies E(X) a E(Y)
E(X) a EE(X)
Titus every elimination operation is nionotonic. Moreover, te classical
elimination operation is co-finitary and structural, ifrespectively:
E(X) = n{E(Y): XcY and Y isa co-finite set}
e(L-E(X)) a L-E(L-e(L-X)),for oir>’ endomorphism e ofthe language L
Naturalíy, differences between deductive and reductive parts of tite logie
should be appropriately expressed by titeir axiomatization. Indeed, as an
axiom of deduction (D-axiom) says witicit formula itas to be accepted even
witen notiting itas been accepted at tite beginning, titus an axiom of reduction
(R-axiom) sitould informed witicit formula itas to be rejected even witen not-
iting itas been rejected at tite beginning. Titus, axioms of deductive and
reductive pan of logic itave respe&tiveíy tite following fon:
0 C a and L -l a
Tite case of rules is similar. Tite deduction míe (D-ruíe) is oftite formO
+ {aj a,<} C [3,in sitort
{al,...,aK} C [3
tite reductive rules (R-míes) sitould be of tite sitape
aje-j13
Tite sense of tite R-ruíe is intuitive: a removing of sentences {a¡ aK}
from any set renioves ftoni tis set. New sitape of axio¡ns and rules for tite
elimination operation means tat it is necessary to formulate a notion dual to
tite notion of proof:
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Let A.~ be an axiorn setfor elirnination ¿md&j be a set ofrules of elirní-
nohon. Theformulo is called fo be disprovablefor X by means of rules from
R.~, ~fand only ~/there exists ¡ti LX afinite sequence offormulas aí,...,aK,
called a disproof offor X by meatis ofR< such that
1. a = <1k atid
2<foranyforanyi cfi ,..,k}, cdc A-¡u(L-X)orforsomeYc <a
1 ,...,ak
}, L-Y -I a¡ is an instance ofsorne rule ftom &~
Aformulo is calledfo be confirmedfor X by meatis of&j, IIin L-X there
exists no disproofoffor X by meatis of R<
Titus, tite reductive pafl of tite classical logie of trutit E is given by tite
following R-axionis and R-rule:
í±R L -I -«--‘(a —->13)—-> a)
2+R L -I -‘(—-41-’(y —> a) —-* -<13 —* a)) —> —‘(-<y —* [3)—>a))
3+R L-¡--«aAP)—*a)
4+R L -l —-‘((a A [3)——* [3)
5+R L -f —~(—n(—n(y —* (a A [3))—>-<y —> 13)) —* —-4 —* a))
6+R L -~ —<a —* (a y [3))
7+R L -I —‘([3 —* (a y [3))
g~R L -I -~(--~(—-<(a y 13)—> y) —* -~(P~—-> y)) —-* —~(a —* y))
9+R L -I —<-~(a —* —,[3) —-. —<[3—-> -ma))
lO±RL-I —‘(13—--> (a——> a))
1 í
1”L -! a A —~a
MT+RL~ {j3,-’(a—* [3)}-¡a
Especially easy task is to forniulate an axiomatization of tite reductive
pafl of tite classical Jogic of falseitood Ed:
l-R L-ja—>([3—>a)
2—R L-[(a—*Q3—*y))--*((a——>13)--*}a——*y))
4-ti L-¡(aAP)—*13
5-R L-¡ (a——> [3)—>((a—-->y)-->(a—>([3Áy)))
6-R L-¡a—-+(av[3)
7—R L-jjl——>(avf3)
g-R L-J (ay)—>(Q3—>y)—*((av[3)—>y))
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lO-RL -I -<a—> a)—> [3
11-RL -~ a y -‘a
MP-RL~~ {a,a—*13} -¡13
Analogously to tite deduction theorem we have itere tite reduction titeo-
rem. For E it is of tite following form:
e E(X) &a e E(X-j3)
and for Ed:
(a—>13> e Ed(X) &a E Ed(X~13)
From now, a logic in its complete form wiIl be a pair of triples:
(L,C,E) and (L,Cd,Ed)
witere tite first triple is tite deductive-reductive logic of trutit and enables us
to exani the set of true sentences: deductively and reductively; citecking ifX
eontains ah sentences following as true fi-orn X, and if X does not contain
sentences following as false ftom L-X. Tite second triple is tite deductive-
reductive logic of falseitood, and enabíes us a similar deductive and reducti-
ve examination of tite set of false sentences.
A set X sucit titat X=C(X) (XCd(X)) will be called aD-theory (a D’1-the-
ory). Similarly, every X sucit titat XE(X) (XEd(X)) wiíl be calíed a R-the-
or>’ (a Rd~theory). If R-titeory (Rd~titeory) F !=0, titen F is called sufficient.
Obviously, E(X) ~ X a C(X) and Ed(X) a X a Cd(X), for any Xci. It is not
diff¡cult to citeck titat there are sucit sets X, for witicit inclusions can be repía-
ced by equalities in tite expressions aboye. Let us notice titat tite following
proofoftitis fact itolds also for tite intuitionistic logic (see [5]).
For every D-titeory T:
a e Tandf3 e T&aA 13e T
and
a e T or 13 e T implies a y 13 E T
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and for every R-titeo¡y F:
a e F and [3e F ifa A [3e F
and
a e F or 13 e E ¿(fa y [3e F
Titus, D-titeory T and R-titeory E are prime if respectively:
a e T or 13 e T 1/a y [3e T
and
a e F atid [3e F implies a A [3e F
Prime R-titeories of tite classical, and also intuitionistie logic exist becau-
se titere exist relatively minirnal R-theories. Let us recail that T is relatively
maximal D-titeo¡y, if it is maximal relatively to sorneS, Le. iffor sorne SoT:
BeC(Tu{13}), for any [30T.Titus, E is a mininial relatively R-teory, 1fF is
niininial relatively to some 5, Le. iffor some SeF: 5oE~F—{[3}), for any 13eF.
Assume that F isa R-theory minimal relatively to 5. Let moreover, aeF
and [3eF.Then, 5 0 E(F—{a}) andS ~ E(F—{[3}). So, by reduction titeorem,
o E av5 —-<~—>13) O E. By 5+R and MT+R, —-4¿5—>(aA13)) E F. Since
SeF, titus ar43 e E. It rneans tat E is prime R-titeory.
Let E be a prinie R-theory such titat aeF and a—>13 e E. Since
(a—>13)A—~(a—-->[3) ~ F, so —‘(a—-->13) o E. Titus, [3oF implies aoF, by MT+R.
By assuniption 13eF, and so F isa D-theoxy. It proves titat eve¡-y prime R-the-
ory is a prinie D-titeory. It is also easy to sitow titat every prinie D-titeory is
a prime R-theory. Similarly, every prime Rd~titeory (Dd~theory) is a prime
Dd~titeory (Rd~titeory). Titus maximal classical D-theories and Dd~titeories
are closed also on tite elirnination operations E and Ed, respectively.
Tite aboye notion of tite relatively rnaxiniality and minimality can be
easiíy extended to tite following:
Let C be a consequence operation on L, al~..,czk eL atid TcL. T isa D-
theory maxirnal relativel>’ fo theforrnula set <a1 ak}, 1/diere are satisfied
¡wo following conditiotis:
(a)a1 cT,foranyie{1,..,¡,j.
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(b) a1 e C(T±[3)forsorne ¡ e{1 ,..,k),provided[30t.
Le! E be a consequence operation att L, a¡ ,..,Uk eL andFcL. Fis aR-
theory maxirnal relat¡vely to tite formulo set {aí ~..,ak}, 1/itere are satisfied
twofollow ¡ng conditiotis:
(a)a1 e F,foranyi e{1,..,k).
(b) a1 0E(F-13)forsornei e{í,~,ú,provided¡3ÉT.
Of course, a D-theory maxirnal relatively to the set {a1 ,..,ak} is maxinial
relatively to aIv...vaK and vice versa. Titus, a D-titeory T maximal relatively
to is maxinial relatively to tite set {a}UY, for any Y such that YnT=0; but
not conversely. Similarly, a R-titeory minimal relatively to tite set <aí ctk}
is minirnal relatively to alwNaK and vice versa. A R-titeory F minimal reía-
tively to a is mininial relatively to tite set {a}uY, for any Y such that YczT
but not conversely.
An analogous to tite deductive Lindenbaum lemma is a reductive dual-to-
Lindenbaum lenima:
Let E be a co-finutar>’ elñn¡nadon operadon on L. For att>’ suificíení R-
iheor>’ T andfor att>’ aeT titere exisis a R-theory T0 minimal relativel>’ fo
such thai T0aT.
A procedure decreasing sufficient R-theory to tite R-tbeory mininial reía-
tively to sorne formula is analogous to te construction, known ftom tite
proofofthe Lindenbaurn lernma (eg. [8]), extending consistent D-teory to
te D-teory rnaximal relatívely to sorne formula.
Natural ly, both lemnias can be also extended to tite rnore general case
witit te set <a1 ,...,ak} instead of a.
Directly froni the proofs of botit lemmas, it is easy to see titat for any con-
sistent D-titeory T and for any forniula aC, titere exist inf¡nitely niany O-
theories including T and maxirnal relatively to as well as for any sufficient
R-titeory F and for any formula aeF, titere exist infrnitely many R-teories
included in E and minimal relativeíy to a. It means that, “a C-titeory maxi-
nial relatively to” and “a R-titeory minimal relatively to a” nanie infinite
classes of objects. Let us distinguisit some subclasses of classes mentioned
aboye.
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Le! C and E be, respectively a consequence atid ehinination operatiotis
on L, aeL, X,YcL.
1. A D-theory T maxima! relativel>’ to is for the set X, 1/ T contaitis a
maximal amount offormulasfrom X;
2. A R-theory F mínima! relatively to is agains the set X, 1/F contains a
mínima!amount offormulasfrom X.
Let C atid E be, respective!>’, a consequence atid elbnination operatiotis
of ihe classical propositional logic on L, aeL, X YcL
3. A D-theory T maxima! relativel>’ to Ls against the set X, 1/ T contains
a mínima! amount offormulasfro¡n X;
4. A R-theory F mínima! relativel>’ to isfor tire set X, 1/F contaitisa maxí-
mal amount offormulasfrom X.
Ad. 1,2: In order to construct a maximal relativeiy to a D-theo¡-y for tite
set X including consistent D-titeory T sucit titat a0T, it is sufflcient to rnodiI~
a proof of Lindenbaurn lernma, presented witit ah details in [8]. Titis cons-
truction begins ftom tite ordering, in tite fon of tite sequence, of ahí formu-
las of tite set L-T. Building a maximal relatively to a D-theory for tite set X,
titis sequence is formed in sucita way titat every formula from X proceeds ah
formulas froni (L-T)-X. It rneans titat alí formulas ftom tite set X will be
always taken into account as flrst in procedure of extending of tite D-titeory
T.
An analogous, smali correction of tite proof of tite dual-to-Lindenbaurn
lemnia results in tite construction of minimal relatively R-theories against a
given set X. For a given sufficient R-theory F, tite initial sequence
aj,a2,.,[3,,[32,.. is sucit tat a1eX and beF-X foranyij.
Ad. 3,4: An appropriate construetion for tite relatively maximal D-titeory
against a given set X is tite repetition of tite construction presented aboye
witit tite difference titat in tite initial sequence of formulas ftom L-T, every
formula ftom X” proceeds alí formulas from (L-T)-X’, where X’ = <—a;
aeX}. In sucit a way, ah forniulas frorn tite set X-’ wihl be always first taking
into account in tite procedure of extending of te D-titeory T. Since every
obtained D-theory is consistent, it is inipossibie to add sorne formula aeX
during a construction, if—’a itas already been added.
Simularly, for a given sufficient R-teory F, a construction of tite relati-
vely minimal R-titeory included in F for tite set X uses tite initial sequence of
forniulas ftom F sucit titat every formula from X” proceeds ah formulas frorn
F-X~ in titis sequence. It means titat at first we wiil remove ftom F ah titese
formulas whicit beiong to the set Xi Since, br any aeL, one formula from
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tite pair (a,—-1a) itas to belong to every R-titeory, it is impossible tat sorne
forniula aeX will be removed during a construction, if —a itas already been
removed.
Let us notice that in tite proofof tite point 3 tite set L-X cannot replaced
tite set It-’. Indeed, let X = {p—*q} and T be any consistent D-titeory witícit
does not contain any formula wititp, q or wit t. Of course, X’ = {pA—-’q}. If
formula ftom X—’ proceeds ah formulas ftom (L-T)- X’, ten tite maximal
relatively to t D-titeory ‘I’o against tite set X does not containp—*q. Now assu-
me titat L-X plays tite role of X~’, Le. every forniula ftom L-X proceeds ah
formulas ftoni (L-T)-(L-X). Titen, if q0X wiil be tite f¡rst formula in tite
sequence of ahí formulas from L-T, ten p—*q wiil belong to tite maxirnal
relatively to t D-titeory T0 against tite set X. Titen, a D-titeory aginst tite set
X become de facto a D-theory for tite set X. Siniilarly, tite set X— cannot be
replaced by tite set L-X in tite proof of 4. Titis is a reason for tite restriction
of 3 and 4 to tite case of tite Jogie with tite classical negation.
Sernantics for C, E, Cd and Ed is defined by one class of CL-niodels for
te classical propositional logie. If A (A,—,n,u,=’) is an algebra similar to
tite language L and D is a non-empty subset of A, titen tite matrix M=~ (A»)
is a CL-niodel, if
(-) -aeD a~D
(n)anbeD ~if t2EDafldbCD
(u)aubeD {if aeDorbeD
!if -aeDorbeD
for any $a,beA. CL-rnodel Mis a base for defining four operations CM, CdM,
EM and EdM.
a e CM(X) ~(fVhEHOm(L,A)(Vl3eX 1413)eD imp/íes b(a)eD)
a E CdM(TX) ~ifVitEHom(L,A)(V[3eX it([3)~D implies it(a)ED)
a e EA¿X) &Bheflorn(L,A) (V[3~X it(13)0D andit(a)eD)
a e Ed11,/X) fifBheHom(L,A) (V13~X h(¡3)eD andh(a)0D)
Let M be a class of ahí CL-rnodels. Titen, tite matrix consequence opera-
tion, tite matrix dual consequence operation, tite matrix ehimination operation
and tite matrix dual elimination operation are fohlowing:
a e CM(X) &a e CM{X),for «ver>’ CL-mnodel M
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a e CdM(X) ifa e CdM<X),for ever>’ CL-rnodel M
a e EM(X) ifa e EM{X),for sorne CL—¡nodel M
a e EdM(X) ifa e EdÁÁX),for sorne CL—model M
Titus,
a ~ EM(X) ifa e CdM(L~X)
a e EdM(X) ifa e CM(L-.X)
Obviously, cornpleteness titeorerns are following:
a e C(X) ifa e CM(X)
a e Cd(X) ifa e CdM(X)
a e E(X) íffa E EM(X)
a e Ed(X) ifa e EdM(X)
2. “Step forward - step backward” reason¡ng
As it was already mentioned, a logic in its complete form, Le. a deducti-
ve-reductive logic of truth togetiter with a deductive-reductive logic of false-
itood enables to fornialise a non-monotonic reasoning. Indeed, let assume
titat toda>’ we have an appointnient in tite restaurant wit somebody. Ifwe get
a new prernise “it is coid toda>”’ beitind of tbe fact of tite nieeting we know
titat we itave to take an overcoat. If we get anotiter infonnation “it is raining
today” we additionahly know titat we Ixave to take an umbrella. Up to now,
we were making only steps forward pernianently expanding our set of con-
clusions. Titus, an extension of tite set of prernises extends tite set of conclu-
sions. It means titat we could twice use a consequence operation.
1-Iowever, it is sufficient to assunxe that our next new premise is an jofor-
rnation unsaying te rneeting. Titen, we itave to make a step backward, i.e. to
cancel sorne (rnaybe ahí?) so far obtained conclusions. It appear titat a for-
mahisation of titis step is possible titanks to tite elimination operation. Titus,
a logic given in tite deductive-reductive form can be a tool for tite formal
expression of tite “step forward - step backward” reasoning.
Por tite systematic presentation let us begin from tite expcrnsion of trutir
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being a closure of tite set of tuve sentences on tite consequence operation C.
Let assunie that a D-titeory T~ is our set of beliefs. Let moreover, A1,..,A~ be
our new behiefs. Titen, ata new set of beliefs is again a D-tbeory and it has
tite fohlowing fon:
T~@ <A,,..,A~} = C(T~u{A1 A~})
Usualí>’, our opinions consist also of beliefs expressing negative facts.
Sentences representing these beliefs are for us false sentences, e.g. “dwarfs
exis!”. Naturahly, we infer anotiter false sentences from titese beliefs: ‘we
can rneet dwarf’, “we can expect a dwarf’s help” etc. A logic in complete
form enables us to formalise also titis reasoning, an expansion offalsehood
being a closure on te consequence operation Cd. Now, assume titat Dd~tite~
ory T- is a set of our negative beliefs. Titen, if we add next false sentences
A1 A~ our new negative behief set is as folhows:
re <Aí ~ = Cd(T~YJ{AI ,.-.,A~})
Botit expansions represent steps forward in tite reasoning. In tite f¡rst case
it is deveJoped tite set of true sentences, while in tite second case tite set of
false sentences. Now, letus consider a fornialisation of tite thinking reducing
tite set of behiefs.
As previously, let D-titeory T~ be a set ofour beliefs. Assume titat becau-
se of some reason sentences A1 A~ became for us already false. It rneans
titat we have to reduce T~ by titese sentences. Titus, we sitould make a step
backward in tite reasoning i.e. a contraction of¡ruth of tite fxrst kind:
(T~ (~) {A1 A~})
1
81 Bk = T~ n ET+81 ,.,Bk(L-{AI A~})
or niaybe of tite second kind:
(T~ e <A, Afl})
2B1 ,..,Bk = T~ n nET+Bí ,..,Bk(L-IAI ~
Hk(L-{AI ,..,A~}) is a R-theory for Tt mininial reiatively to tite
set Eí,...,Bk. Assume titat A
1 eT follows frorn Z<C, C~}, and A1 does not
follow ftoni an>’ proper subset ofZ. A rejection ofA1 from T rernoves a dis-
junction Civ’...vC~. Unfortunately, al> sentences from Z still belong te E(L-
<A1)). It means titat a closure ofE(L-{Aí}) on tite consequence operation C
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gives a D-titeory to witicit A, belongs again. Titus, it is necessary to replace
E(L-{A1}) by its relativel>’ mininial decreasing. In view of A2,..,A~, E(L-
{A1 A~}) should be replaced by its sorne relatively minimal subtheoxy. It
rneans titat tite set T~ is reduced by sentences A1,...,A~ in sucit a way that ah
sentences B~ ,..,Hk remain still our behiefs. Moreover, both contractions pre-
serve as rnany sentences frorn T~ as possible. Of course,
8k as well as (T~®{A ,..,An})
2
81 8k are D-titeories,
because as it was already showed, eveiy relatively rninimal R-theory is a D-
titeor>’.
The rnain difference between botit contractions is the following: iftite set
A1,..,A~ fohlows ftorn tite set W = {BI,...,Bk, Bk±l Bml and tite set
{A1 A~} does not follow frorn an>’ proper subset ofW, titen {Bk±í,...,Bm}fl
Bk(L-{AI A~}) = 0 while tite set ET+8, Bk(L-<AI ,..,A~}) can
contain even m-(kH—l) sentences ftom te set {Bk±í,...,B~}.Titen, tite set of
beliefs (T~®{A1 ,..,Afl})íBí 8k ís mn sorne sense unknown: it is impossible
to know witicit sentences frorn tite set {
8k+I Bm} remain our beliefs. We
only surely know titat {Bk+¡ ,..,Bm} ~ (T~®<Aí A~})’B1 8k-
Tite next difference between borit contractions is titat, if {A¡ A~} inde-
pendently follo-ws f’roni tite set {B
1 Bm} ami from {C1 C4, titen
{C, ,...,C~} n nET±81 Bk(L-{A, A~}) = 0 witile ET±8, Bk(L-
{A1 A~}) can contain even s-1 elernents ftom tite set {C1 C~}.
Let us notice that in both cases if <Aí ~ = 0, then T~ remains a
set of our beliefs. Moreover, a removing of any tautology ftom T converts T
into tite empty set. Titese properties are anaiogous to those for tite expansion
of trutit. If we will add to T any sentence from T, then T wiIl not change. If
we wihl add an>’ counter-tautology to T titen T wihl be converted into tite set
of alí sentences L.
Analogously to the case of expansion, aNo itere one can consider a con-
traction offalsehood. Indeed, ifT- isa set of our negative beliefs, and becau-
se of some reason sentences A1,..,A~ become for tis aIread>’ true, titen our
new set of negative beliefs is either:
(T- e {A1 An})’81 8k = ~ n Ed T81 ~ ~
or:
(T- ® <A1 A1,})281 8k = T— n IiEdT8, Bk(L{AI A~})
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witere Ed T
81 ,..,Bk(L-{AI A~}) is a Rd~titeory for T- minimal relativel>’ to
tite set {B1 Bk}.
UsualI>’ togetiter witit expansion and contraction tite titird kind of reaso-
ning is consider (cf [1], [2], [3]), a revision, Le. a procedure adding to tite set
of behiefs a sentence inconsistent witit sorne sentences from titis set. In our
approacit tite revision is aix exaniple of two successive steps of reasoning.
Titus, tite fxrst step oftite revision of trutit (falseitood) is acontraction oftrutit
(falseitood), and tite second step is an expansion of trutit (falseitood):
(T~ ® {A})’81 8k = (TE) {—‘A}~81 ,..,Bk ® {A}
for i <0,1). In tite case of trutit T = T~, and in tite case of falseitood T = T-.
Tite complete fon of the logic enables a fornialisation oftite non-mono-
tonie reasoning consisting of two rnonotonic procedures: deductive and
reductive; so for tite logic of truth as for tite logic of falseitood.
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